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Abstract

This paper extends Kajii and Morris (1997)’s notion of robustness to incomplete
information to repeated and more generally dynamic games. We argue that in dynamic
games, the requirements of robustness should be strengthened to allow for small payoff
deviations with large probability. Under this strengthening, we show that dynamically
robust equilibria can be characterized by applying a one-shot robustness principle that
extends the one-shot deviation principle. For repeated games, this implies a factoriza-
tion result analogous to that of Abreu, Pearce and Stacchetti (1990).

We then apply these results to characterize explicitly the set of robust equilibria
in the repeated Prisoners’ Dilemma and show that cooperation is robustly sustainable
if and only if both (Cooperate, Cooperate) and (Cooperate, Defect) are enforceable un-
der complete information. Robustness considerations also nuance our analysis of the
repeated Prisoners’ Dilemma in interesting ways. In particular, grim-trigger strategies
may be less robust than asymmetric strategies which do not punish both players upon

unilateral deviation.
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1 Introduction

When we use game-theoretic models to analyze real life situations, it is important to assess
the robustness of our predictions to small misspecifications of the strategic environment.
Kajii and Morris (1997, henceforth KM) consider the problem of an analyst who believes a
strategic situation is well approximated by a complete information game with high proba-
bility, but knows that players may still face some unspecified uncertainty about each other’s
payoffs. In that setting, KM make the point that the analyst can be justified in using the
baseline complete-information game to make his predictions if and only if it is not signifi-
cantly different from an equilibrium of the actual incomplete-information game that players
are really facing. This defines a notion of robustness of equilibrium to incomplete informa-
tion.! While the question of robustness issues is relevant in many settings, KM’s analysis is
limited to static games and the question of robustness in dynamic games remains somewhat
unstudied. The present paper attempts to fill this gap by providing a variation on KM’s
notion of robustness that is appropriate for repeated games and extends well to general
multistage games with discounting.

Given a complete information game G, KM study the robustness of its equilibria by
studying equilibria of incomplete information games U that are elaborations of GG in the
sense that with high probability, payoffs of U are exactly those of G. Our approach to ro-
bustness in repeated games is similar. Given a repeated game I'¢ with complete information
stage game G, we study the properties of dynamic games 'y characterized by a sequence
U = {U, }+en of independent incomplete information stage games, all of which are elabora-
tions of G. However, robustness in dynamic games differs from robustness in static games
because perturbations that occur in future periods with some probability, change current dis-
counted expected payoffs with high probability. This leads us to consider a stronger notion

of robustness that only requires elaborations U to have payoffs close (rather than identical)

LA closely related approach is that of global games, which considers a specific perturbation of the original
complete-information game in which agents get noisy but very precise signals of a payoff relevant state of
the world (Carlsson and van Damme (1993)). See Morris and Shin (2003) for a survey on global games and
other related topics.



to those of the original game GG with high probability.

Our main theoretical results relate the dynamic robustness of equilibria in repeated games
to the robustness of equilibrium action profiles in appropriate static games augmented with
continuation values. For repeated games these results extend the dynamic programming
approach of Abreu, Pearce and Stacchetti (1990, henceforth APS). In particular, we prove
a factorization result for robust subgame-perfect equilibria. More generally, we prove a
one-shot robustness principle for multi-stage games with discounting which is analogous
to the one-shot deviation principle of Fudenberg and Levine (1983). This allows us to
characterize dynamically robust equilibria by considering only one-shot elaborations rather
than all dynamic elaborations.

Our main applied results highlight the practical value of these characterizations by ex-
plicitly computing the set of robust equilibrium values in the repeated Prisoners’ Dilemma.
We show that whenever outcome (Cooperate, Defect) can be enforced in equilibrium under
complete information, the set of robust equilibrium values is essentially equal to the set of
equilibrium values under complete information. Inversely, whenever (Cooperate, Defect) is
not enforceable in equilibrium, the set of robust equilibria shrinks to permanent defection,
the stage Nash equilibrium. In addition, we highlight that carefully considering the issue
of robustness nuances our intuitions about which equilibria are most suited to sustain co-
operation. Specifically, asymmetric equilibria that punish only deviators upon unilateral
deviations are more effective than grim-trigger strategies at sustaining robust cooperation.
We also use the factorization result to prove a folk theorem in robust equilibria.

The question of robustness in dynamic games has been the focus of much of the refine-
ment literature and it is impossible to fully summarize all the relevant work in this field.
Closely related to the approach of this paper is Fudenberg, Kreps and Levine (1988), who ask
whether a given equilibrium of an extensive-form game can be approximated by a sequence
of strict equilibria of elaborations. Dekel and Fudenberg (1990) extends this question to
iterative elimination of weakly dominated strategies. Characterizations in these papers are

somewhat permissive, however, partly because they require only the ezistence of an approx-



imating sequence of elaborations, and partly because their definition of elaborations allows
for intertemporal and interpersonal correlation of payoff perturbations.

More recently, Bhaskar, Mailath and Morris (2007) study the dynamic robustness of
specific equilibria in the repeated Prisoners’ Dilemma. They focus on the mixed-strategy
equilibrium constructed by Ely and Véliméki (2002), and show that the Ely-Valiméki equilib-
rium cannot be approximated by one period memory equilibria of generic perturbed games,
but can be approximated by infinite memory equilibria. One important difference is that
they follow the purification literature a la Harsanyi (1973) and perturb payoffs in stage games
independently across players and periods. In contrast, we follow KM and add payoff shocks
that are independent across periods but not necessarily across players.

Perhaps most closely related to this paper are Giannitsarou and Toxvaerd (2007) and
Chassang (2007), who extend global game approaches to dynamic settings by using dynamic
programming methods. Giannitsarou and Toxvaerd (2007) show that a finite-horizon game
with strategic complementarities and small payoff perturbations has an essentially unique
equilibrium. Chassang (2007) considers infinite-horizon dynamic cooperation games with
exit and shows that even though the global games perturbation does not yield uniqueness
in such settings, it still selects a subset of equilibria whose qualitative properties are driven
by risk-dominance considerations. The main difference between these results and ours is
that they consider robustness to a specific information perturbation, whereas we demand
robustness to any sequence of independent elaborations. This makes our robustness results
stronger, and our non-robustness results weaker.

The rest of the paper is structured as follows. Section 2 describes the framework and
defines an extension of KM’s notion of robustness. Section 3 defines robustness to incomplete
information for repeated games and provides a factorization result that characterizes robust
subgame-perfect equilibria. Section 4 applies the results of Section 3 to characterize robust
equilibrium strategies in the Repeated Prisoners’ dilemma and prove a folk theorem in robust
equilibria. Section 5 extends the analysis to multistage games with discounting. Section 6

concludes.



2 Robustness in Static Games

In this section, we define a notion of robustness to incomplete information that strengthens
the original notion of robustness of KM. We depart from KM in anticipation of specific dif-
ficulties that arise when we analyze robustness in repeated games. Indeed, given a complete
information game, KM consider elaborations such that payoffs are identical to those of the
complete information game with high probability. In repeated games, the fact that payoffs
can perturbed with some small probability in future periods implies that current expected
continuation values can be slightly different from original continuation values with large
probability. As a result, our notion of robustness allows for elaborations that have payoffs
close (instead of identical) to the payoffs from the complete-information game with a large
probability. In Section 5 we show that unless we impose such a strengthening of robustness,
the dynamic robustness of an equilibrium is not implied by the robustness of each one-shot

action profile in the appropriate stage game augmented with continuation values.

2.1 Definition

For any finite set X, let A(X) denote the set of probability distributions over X. For x and
y € R", we write x > y if and only if x; > y; for every i =1,...,n.

Consider a complete-information game G = (N, (A4, g;)ien) consisting of a finite set
of players N = {1,...,n}. To each player i € N we associate a finite action set A;, a
payoff function g;: A — R, where A = [[,.y A; is the set of action profiles. Let a_; €
A, = Hje N\{i} A; denote an action profile of player ¢’s opponents. We use the max norm:
|gi| = max,ea|gi(a)| and |g| = max;en |gi|- A pure-action profile a* = (a])iey € A is: a
Nash equilibrium if g;(a*) > g;(a;,a*;) for every i € N and a; € A;; a d-strict equilibrium
for d > 0 if and only if g;(a*) > ¢;(a;,a*;) + d for every i € N and a; € A; \ {a}; a strict
equilibrium if it is a d-strict equilibrium for some d > 0.

We also consider an incomplete-information game U = (N, Q, P, (A4;, u;, Q;)ien), Where

() is a countable state space, P is a probability distribution on €2, and for each player : € N,



u;: Ax ) — R is his state-dependent payoff function and @); is his information partition over
). We assume that payoffs are bounded by some large but finite number M. The domain
of u; extends to mixed or correlated strategies in the usual way. We say that U embeds G
if U has the same sets of players and of actions as G does. Mixed strategies of player ¢ are
Q;-measurable mappings «;: Q — A(A;). A profile of mixed-strategies o = (;);en induces

a distribution P* € A(A) over action profiles defined by

Vae A, P%a)=)_ (H ai(w)(ai)> P(w).

weQ \1eEN

A mixed-strategy profile o* is a Bayesian-Nash equilibrium if

Y wl@ (@), w)Pw) = Y uilai(w), o (W), w)Pw)

we weN

for all : € N and all Q);-measurable strategies a;.
For ¢ > 0 and d > 0, we say that U is an (g, d)-elaboration if every player in U knows
that his payoff function is within distance d from his payoff function in G with probability

larger than 1 — ¢, i.e.,
P{we Q:|u(-,w') —gi| <dforallie Nand w' € Q;(w)}) >1—¢.

Definition 1 (d-robustness). For d > 0, a Nash equilibrium a* of G is d-robust (to incomplete
information) if, for every n > 0, there exists ¢ > 0 such that every (e, d)-elaboration U of G
has a mixed-strategy Bayesian-Nash equilibrium o* such that P* (a*) > 1 —1.

We say that an equilibrium a* of G is strongly robust if it is d-robust for some d > 0.

Our interpretation of d-robustness is essentially identical to KM’s interpretation of robust-
ness. Consider an analyst who thinks that the true but complicated incomplete-information
game U is approximately described by a simple complete-information whose payoffs are close

to those of U with high probability. In that setting the analyst can make a prediction about



the observed action profile without knowing the details of U if and only if her prediction is
a robust equilibrium of G.

Note that, for d = 0, d-robustness corresponds to robustness in the sense of KM. For
d > 0 however, d-robustness is strictly stronger than robustness a la KM. In particular, as

the following lemma highlights, strong robustness implies strictness of equilibrium.
Lemma 1 (strictness). If a* is a d-robust equilibrium, then it is a 2d-strict equilibrium.

Proof. Consider the game G’ = (N, (A, ¢})ien) such that, for every i € N, gi(a) = gi(a) +d
for a # a* and g}(a*) = g;(a*) — d. Since G’ is an (g, d)-elaboration of G for every ¢ > 0, G
admits an equilibrium arbitrarily close to a*. This implies that a* is also an equilibrium of

G', thus a 2d-strict equilibrium of G. n

This lemma implies that robustness in the sense of KM is strictly weaker than strong

robustness. Consider for instance the following game:

L R
710,0 0,0
B 10,0 0,0

Every action profile is 0-robust but Lemma 1 implies that none of them is d-robust for d > 0
and hence, no equilibrium is strongly robust.
Still, provided that a* is a strict Nash equilibrium, Section 2.2 shows that typical sufficient

conditions that ensure robustness of a* in the sense of KM also imply strong robustness.

2.2 Sufficient Conditions for Strong Robustness

In general, it is difficult to check robustness of a given equilibrium a* of G to all possible
nearby elaborations. KM however provide sufficient conditions under which a* is robust:
when it is the unique correlated equilibrium of G, and when it is a p-dominant equilibrium

with > . p; < 1. Here we show that, whenever a* is a strict Nash equilibrium, the same



conditions imply that a* is d-robust in G for some d > 0. We give proofs for the second
and the third classes in the Appendix, which are modifications of KM ( Propositions 3.2 and

5.3). We begin with the case where a* is the unique correlated equilibrium of G.

Proposition 1 (strong robustness of unique correlated equilibria). If a* is the unique cor-

related equilibrium and is a strict Nash equilibrium, then a* is strongly robust.

The proof, given in the Appendix, is an extension of the proof of Proposition 3.2 in
KM. We also exploit the fact that when a* is the unique correlated equilibrium of G' and is
strict Nash, then it is also the unique correlated equilibrium of all sufficiently close complete
information games. A useful special case is the one where a* is the only equilibrium surviving

elimination of strictly dominated strategies.

Definition 2 (iteratively d-strict dominant equilibrium). Consider a* an iteratively strictly
dominant equilibrium. At any stage of elimination 7" let us denote i the considered player
and AT, the set of surviving actions player i may face. We say that a* is iteratively d-strict

dominant in G if and only if at every stage of elimination 7T, for all a; € A; and all a_; € AT,

gi(a;,a_;) > gi(a;,a_;) +d.

Proposition 2 (strong robustness of iteratively d-strict dominant equilibrium). Whenever

*

a* is iteratively d-strict dominant, a* is d/2-robust.

KM’s second sufficient condition—which is particularly useful in applied settings—establishes
that, whenever a* is p-dominant equilibria with ), p; < 1, it is robust in G. We now study
how this result extends to d-robustness. We begin by recalling the definition of strict p-

dominance.

Definition 3 (strict p-dominance). For p = (p1,...,p,) € (0,1]", an action profile a* is a

strictly p-dominant equilibrium of G if, for all i € N, a; € A; \ {a}}, and A € A(A_;) such



that A(a*,) > p;,

Z Ma—;)gi(a;,a_;) > Z Ma_)gi(a;, a_;).

a_;€A_; a_;€A_;
Given this definition, the following result holds.

Proposition 3 (strong robustness of strictly p-dominant equilibria). If action profile a* is

strictly p-dominant with ), .y p; < 1, then a* is strongly robust.

Since we know from KM Lemma 5.5 that, if a game has a strictly p-dominant equilibrium
with ). p; < 1, then no other action profile is O-robust, this implies that, if a game has a
strictly p-dominant equilibrium with ). p; < 1, it is the only strongly robust equilibrium of
G.

Proposition 3 implies that, in 2 x 2 coordination games, a strictly risk-dominant equilib-

rium will also be strongly robust.

3 Robustness in repeated games

The main purpose of this section is to formulate a notion of robustness to incomplete in-
formation that’s appropriate for repeated games. There are many potential definitions of
robustness, each one corresponding to a different class of perturbed games used to check
robustness. Here we choose to respect the original repeated-game structure and check ro-
bustness only to additively separable and intertemporally independent payoff shocks. We
show in Section 3.2.2 that this notion of robustness allows for a convenient recursive repre-

sentation of dynamically robust equilibria.?

2 Another possible approach could be to consider the normal-form representation of a repeated game and
check robustness to any sort of payoff perturbation associated with each strategy profile. This however corre-
sponds to a very large class of perturbed games that would satisfy neither additive separability, intertemporal
independence, nor even continuity at infinity.



3.1 Definition

Consider a complete-information game G' = (N, (A;, g;)ien ), and define ' the repeated game
of stage game G, with discount factor 6 < 1, and without public randomization.® Let H, = A?
be the set of histories (sequences of realized action profiles) of length t and H = J,, H; be
the set of all finite histories. A strategy of player ¢ is described by s;: H — A;. For each
history h € H, s; induces continuation strategy s;|h after history h by (s;|h)(h') = s;(h, i)
for each b/ € H. A strategy profile s induces a sequence of action profiles, {a;}, which gives

each player ¢ the total payoff

[e.e]

vi(s) = (1= 06) ) 6" 'gilay).

t=1

A strategy profile s* is a subgame-perfect equilibrium (SPE) if and only if v;(s*|h) >
vi((si,8%;)|h) for every h € H, i € N, and every strategy s;. We denote by VSFE the
set of SPE values of I'g.

We define perturbations of game I'¢ as follows. Consider a sequence U = {U,;}ien of
incomplete-information games U, = (N, Qy, Py, (A, wit, Qit)ien) that embed G. We assume
that {u;}ten is bounded uniformly by some M such that M > |g|. We also assume that the
sequence {w; }ien of states is a sequence of independent random variables. At the beginning
of period t, state w; € §2; is generated according to P,. Given such a sequence U we denote
by I'y the infinite horizon game with observable actions in which players have a common
discount factor 6 < 1 and play game U, at every time ¢t € N. Public histories h; € H are
sequences of observed action profiles {ai,--- ,a;}. A public strategy of player i is a mapping
oi(hi_1,w;) such that, at every history h;_1, o;(h,-) is a mapping from Q, to A(A4;) that is
Qir-measurable. Conditional on a history h;_y € H, a public strategy profile ¢ induces a

probability distribution over sequences of action profiles and states, which allows us to define

3We incorporate public randomization in Section 3.3.
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continuation payoffs

\4) S N, Vht € H, Ui(0'|ht_1) =E (]_ - 5) Z 57_1ui7t+7_1(at+7_1, wt+7_1)
T=1
The assumption that {u;};en is bounded uniformly by some M implies that the infinite sum

is well defined. A public strategy profile o* is a perfect public equilibrium (PPE) if and only

if v;(0*|hi—1) > vi((04,0%;)|hi—1) for every hy_y € H, i € N, and every public strategy o;.

Definition 4 (dynamic d-robustness). For d > 0, an SPE s* of I' is d-robust if, for every
n > 0, there exists ¢ > 0 such that, for every sequence U = {U, };en of independent (g, d)-
elaborations of G, game I'y has a PPE o* such that P ("-1)(s*(h;_1)) > 1 — 7 for every
hiy € H.

We say that an SPE s* of ' is strongly robust if it is d-robust for some d > 0.

Let VP be the set of strongly robust SPE equilibrium payoff profiles of the repeated
game of G. Section 3.2.2 provides a recursive characterization of this set.

Note that our definition of dynamic strong robustness considers only perturbations U =
{U; }1en that are uniformly close to G. If U approached G only pointwisely, then the robust-
ness criterion would become too stringent. For example, if we allowed for such perturbations,
whenever the stage game G had a unique Nash equilibrium a*, the only strongly robust equi-
librium of T'¢ would be the repetition of a*. Indeed, consider the perturbation U = {U,; };en
such that U, is identical to G for t < T and uy(a,w;) =0 for everyi € N,a € A, t > T, and
wy € 0, then the game 'y has an finite effective horizon, and by backward induction, players

must play a* for the first T" periods. This is why we consider uniformly close perturbations.

3.2 A factorization result

In this section we show that the set strongly robust equilibrium values admits a recursive
characterization analogous to that of Abreu, Pearce and Stacchetti (1990). The construction

builds on a one-shot robustness principle that is the equivalent of the one-shot deviation

11



principle for dynamically robust equilibria. As Section 5.2 will highlight it is important to
use d-robustness with d > 0 rather than robustness in the sense of KM why for this one-shot
robustness principle to obtain. Indeed, there can be SPEs whose one-shot action profiles are
robust in all the appropriate augmented games but are not dynamically robust under any

acceptable definition.

3.2.1 Augmented Games

For G = (N, (A, ¢i)ien) and w: A — R" let G(w) be the complete-information game
augmented with continuation payoff profile w contingent on the current action profile, i.e.,
G(w) = (N, (A;, g))ien) such that gi(a) = (1 —9)gi(a) + dw;(a) for every i € N and a € A.
It follows from the one-shot deviation principle that s* is an SPE of repeated game I'g if
and only if s*(h) is a Nash equilibrium of G(v(s*|(h,-))) for all h € H, where v(s*|(h,-)) is
a contingent payoff profile that maps a to v(s*|(h,a)).

Similarly, given an incomplete information game U = (N, Q, P, (A;, u;, Q;)ien) and w: A —
R™, let U(w) be the incomplete-information game (N, Q, P, (A;, ul, Q;)ien) such that u)(a,w) =
(1 —0)u;(a,w) + dw;(a) for every i € N, a € A, and w € Q. Similarly, given a sequence
U = {U, }4en of independent incomplete information games, a strategy profile o* is a PPE
of I'y if and only if o*(h;_1, -) is a static Bayesian-Nash equilibrium of U;(v(o*|(hs—1, -))) for
all hy_y € H.

The results of Section 3.2.2 relate the d-robustness of an SPE s* to the d-robustness of
s*(h) in G(v(s*|(h,-))) for all h € H.

3.2.2 Self-generation and factorization

This section relates the d-robustness of an SPE s* to the d-robustness of s*(h) in G(v(s*|(h, -)))
for all h € H and characterizes strongly robust SPEs of I'¢. More precisely we prove self-
generation and factorizations results analogous to those of APS. We begin by showing that,

whenever s* is strongly robust, s*(h) is a strict Nash equilibrium of G(v(s*|(h,))) for all

12



heH.

Lemma 2 (strict enforcement). If s* is a d-robust SPE of the repeated game I'¢ with d <
M —|g|, then s*(h) is a 2(1 — 0)d-strict equilibrium of G(v(s*|(h,-))) for all h € H.

Proof. Fix any t° > 1 and h° € Hjo_;. Consider U = {U,} such that Uj is identical to G for
t # t° and Uy is identical to a complete information game G’ = (N, (A;, g})ien) such that,
for every i € N, gi(a) = g;(a) +d for a # s*(h°) and g/(s*(h°)) = gi(s*(h°)) — d. Since every
Uy is an (g, d)-elaboration of G for any € > 0 with payoffs bounded by M, 'y admits a PPE
arbitrarily close to s*. This implies that s*(h") is an equilibrium of G'(v(s*|(h,+))), thus a
2(1 — §)d-strict equilibrium of G(v(s*|(h°,-))). O

Definition 5 (robust enforcement and robust decomposability). For a € A, w: A — R™,
and d > 0, w enforces a d-robustly if a is a d-robust equilibrium of G(w).
For v € R", V C R", and d > 0, v is d-robustly decomposable on V if there exist a € A

and w: A — V such that w enforces a d-robustly and v = (1 — §)g(a) + dw(a).

Let B4(V) be the set of all payoff profiles that are d-robustly decomposable on V. B? is

a generating function that maps subsets of R"” to subsets of R".
Lemma 3 (monotonicity of BY). If V C V' C cog(A), then BL(V) C B4V') C cog(A).
Proof. Monotonicity follows directly from the definition of B O]

Thus, by Tarski’s fixed point theorem, B? admits the largest fixed point among all subsets
of cog(A). We denote it by V% We say that V is self-generating with respect to B? if
VY C BYV).

Lemma 4 (self-generation). If V is a subset of co g(A) and is self-generating, then V C V.
Proof. Lemma 4 follows from Tarski’s fixed point theorem. O]

The next proposition characterizes the set of all strongly robust SPE payoff profiles in

terms of fixed points of B.

13



Theorem 1 (characterization of V*°P). Whenever V is any compact set that contains V™,

Vwb _ Uvd _ U ﬁ(Bd)k(V)

d>0 d>0 k=0

Theorem 1 corresponds to APS’s self-generation, factorization, and algorithm results
(Abreu et. al., 1990, Theorems 1, 2, and 5). APS define B(V) as the set of all payoff profiles
v such that there exist @ € A and w: A — V such that a is a Nash equilibrium of G(w).
APS show that VSFF is the largest bounded fixed point of B and computed by iterating the
B mapping to a sufficiently large compact set infinitely many times. The main difference is
that we require strong robustness of SPE and thus take into account the robustness criterion
in each B mapping. Note that co g(A) is a compact set that contains VP,

The proof of Theorem 1 is based on the following proposition, whose proof is given in

the Appendix.
Proposition 4 (one-shot robustness principle).

(i) If0<d< M —|g| and s* is a d-robust SPE of the repeated game of G, then
s*(h) is a (1 — &)d-robust equilibrium of G(v(s*|(h,-))) for every h € H.

(i) Ifd >0 and s*(h) is a d-robust equilibrium of G(v(s*|(h,))) for every h € H,
then s* is a d'-robust SPE of the repeated game of G for every d' < d.

Proof of Theorem 1. For each v € V™ let s* be a d-robust SPE of I'g, with 0 < d < M —|g],
that generates v . Then, by Proposition 4, V* = {v(s*|h) € R" | h € H} is self-generating
with respect to B(1=9, By Lemma 4, v € V* C Yya=9d — Thug Yrob C Ud>0 y-9d —
Udso V-

Since V¢ is self-generating with respect to B¢, for each v € V¢ there exist a(v) € A
and w(v,-): A — V¢ such that w(v,-) enforces a(v) d-robustly and v = (1 — §)g(a(v)) +
dw(v,a(v)). Pick any v € V¢ with d > 0. We construct s* recursively as follows: s*(0)) = a(v),

s*(a1) = a(w(v,ay)), s*(a1,az) = a(w(w(v,ay),as)), and so on...By construction, for every

14



h € H, s*(h) is d-robust in G(v(s*|(h, -))) for any d. Then, by Proposition 4, s* is d/2-robust
in the repeated game of G and thus v € V™. Thus V¢ C Vb,

To prove the analogue of APS’s algorithm result, we define C?%(V) by the closure of
B4(V). Fix a compact set V that contains V™", We will show that V™" = . ,(B))>(V) =
Uyon(CH=(V), where f2(V) = (g f4(V) for f = B or €. Since V¢ € V> C V and by
monotonicity of B¢ and C?, we have V¢ C (B4)>(V) C (C4)*°(V) for each d > 0. Thus, by
Lemma 4, it is enough to show that (C%)*(V) is self-generating with respect to B? for some
d' < d and hence (C%)>(V) C V.

Fix any d’ < d. Pick any v € (C?)*°(V). For each k > 1, since we have v € (C4)>(V) C
(CH*(V), there exist a* € A and w¥: A — (C%)*~1(V) such that a* is d-robust in G(w*). By
taking a subsequence, we can assume without loss of generality that a* = ¢* and w*(a) —
w*(a) as k — oo for each a € A. This means there exists k& > 1 such that for all | > k,
lw! —w*| < (d—d')/d. Since a* is d-robust in G(w'), a* is d’-robust in G(w*). Moreover, for
each k > 1, since w! € (CH*1(V) for any | > k and (C?)*~1(V) is compact, w* € (C4)F1(V).
Since this holds for every k > 1, w* € (C%)>(V). Thus we have v € BY ((C4)>(V)). O

An immediate corollary of Proposition 4 is that a finite-automaton-strategy equilibrium
s* is strongly robust if and only if s*(h) is strongly robust in G(v(s*|(h,-))) for every h € H.
As Section 4.1 shows, Theorem 1 and Proposition 4 are useful in characterizing both robust
SPEs and robust equilibrium values of repeated games of interest, such as the repeated
Prisoners’ Dilemma. Note that the one-shot robustness principle of Proposition 4 would not
hold if we considered robustness in the sense of KM rather than d-robustness. As a counter
example, Section 5.2 describes a mixed-strategy equilibrium of an infinite horizon dynamic
game ['* such that, for every history, the action profile prescribed by the equilibrium is robust
in the sense of KM in the appropriate augmented game, but the whole equilibrium is not

dynamically robust in any reasonable sense.
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3.3 Public Randomization

This subsection extends our framework to allow for public randomization. Given a complete
information G, we denote by I'¢; the repeated game of stage game G with public randomiza-
tion, in which at the beginning of each period ¢, players observe a common signal 8; uniformly
distributed on [0,1). We assume that the sequence {6; };cn is independent across time. We

write 6" = (6y,...,6;) € [0,1)". A pure strategy of player 7 is described by

Si: U(Ht_l X [O, 1)t) — Az
t>1
such that, for each t > 1 and h;_y € Hy_1, §;(hy_1,-) is Borel-measurable on [0,1)". For each
history (h;_1,60") € H;_1 x [0,1)!, §; induces continuation strategy §;|(h;_1,60"). Conditional
on each realization @, a strategy profile s induces a distribution over the set of sequences of

action profiles {a,}, which gives each player i payoff

5,(30) = E

1-0)> 5tgi(at)] .

A strategy profile §* is an SPE if 0;(s*[(he—1,0")) > 0;(8;, 5%,;[(hi—1,0")) for every ¢ > 1,
(hi—1,0") € H,_1 x [0,1)%, i € N, and §;.

Similarly, given a sequence U = {U;},cn of independent incomplete-information games,
we consider the corresponding dynamic game I'y with public randomization, in which at the
beginning of period ¢ players observe a common signal ¢,, that is uniformly distributed on

[0,1). A public strategy of player ¢ is described by

Gi: (J(Hima x [0,1)" x Q) — A(A))

t>1

such that, for every ¢t > 1 and hy_1 € Hy_1, 6;(hs_1,0%, ) is Qy-measurable for almost every
0" € [0,1)" and &;(hs_1,-,w;) is Borel-measurable for every w; € Q;. Continuation payoffs

0;¢(c|(hi—1,0")) and PPE are defined as in Section 3.1.
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We define robustness in repeated games with public randomization as follows.

Definition 6. An SPE §* of I'¢; is d-robust for d > 0 if, for all n > 0, there exists ¢ > 0
such that for every sequence U = {U, };en of independent (e, d)-elaboration of G, game I'y
has a PPE ¢* such that Pt&*(ht‘“et”)(g*(ht_l,Qt)) >1—nforeveryt > 1, and hy_y € Hy_1,
and 6" € [0,1)". An SPE s* is strongly robust if it is d-robust for some d > 0.

Let V™" denote the set of strongly robust SPE payoff profiles in I'¢;. For each d > 0 and
W C R, let
BYW) = co B{W).

Mapping B satisfies the monotonicity property described in Lemma 3, and hence B? admits
a largest fixed point among subsets of co g(A). We denote it by V. We have the following

characterization, similar to Theorem 1. The proof is relegated to the Appendix.

Proposition 5 (characterization of f/mb). Whenever V is any compact set that contains

Vrob;
vt = (Vv =J N BYW).
>0 d>0 k=0

4 Applications

In this section, we give two applications of the main characterization results of Section 3
(Theorem 1, Proposition 4 and Proposition 5).

In our main application, we characterize robust equilibrium values and robust strategies
in the repeated Prisoners’ Dilemma. We show that whenever outcome (Cooperate, Defect)
can be enforced in equilibrium under complete information, the set of robust equilibrium val-
ues is essentially equal to the set of equilibrium values under complete information. Inversely,
whenever (Cooperate, Defect) is not enforceable in equilibrium, the set of robust equilibria
shrinks to permanent defection. We also show that robustness considerations nuance our

intuitions about which equilibria best sustain cooperation. More precisely asymmetric equi-
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libria in which only the deviator is punished upon unilateral deviation are more effective
than grim-trigger strategies that punish everybody.

In our second application, we use the factorization result to prove a folk theorem in robust
equilibria. Because a folk theorem holds, this means that for discount factor close to one,
robustness does not restrict the set of sustainable equilibrium values. Still robustness may

imply significant restrictions given a fixed discount factor.

4.1 Robustness in the Repeated Prisoners’ Dilemma
Consider the one-shot two-player Prisoners’ Dilemma (PD) with flow payoffs
C D

c| 1,1 —¢b
D|b,—c 0,0

where b > 1, ¢ > 0 and b — ¢ < 2. We are interested in the repeated game [ in which
players observe a public randomization device. In what follows, we characterize the set of
robust equilibrium payoffs of this game and in particular we determine when cooperating is

a robust equilibrium outcome.

4.1.1 Equilibrium payoffs under complete information

In this section, we summarize the results of Stahl (1991), which characterize the set of
equilibrium payoffs of the complete information repeated Prisoners’ Dilemma as a function

of its parameters b, ¢, and 9.
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Definition 7 (auxiliary parameters). Given (b, ¢, d), we define the following parameters

_ b+ec
b= 1+c
(=15 —1)
"= 1b
soo— (-1 2040 +2/(U+ 0~ (b—1)
N (b—1)2
¢ = max{l 1+5+(1_5)b+\/[1+5+(1—5)b]2—4(1—6)(b+c)}
= , 2 |

Definition 8 (value sets). Let us denote

(i) Vo the set of feasible, individually rational values of the one shot PD: V, =
co{(0,0), (1,1), (0, p), (p, 0)}.

(ii) Vg the set of values defined by Vg = co{(0,0),(1,1),(0,q), (g,0)}.
(iii) Vr the set of values defined by Vr = co{(0,0), (0,0 —¢), (b —¢,0)}.
(iv) Vp the set of values defined by Vp = co{(0,0), (1,1)}.

Proposition 6 (Stahl’s characterization). Let us denote by VSPE the set of subgame-perfect

equilibrium values of the repeated PD. We have the following.
(i) If § > max{(b—1)/b,c/(c+ 1)} then VSPE =),

(1) Ifb—1<c<hand(b—1)/b<6 <c/(c+1), orc>handd* < <c/(c+1),
then VSPE = V.

(iii)) Ifc<b—1 and ¢ € [c/b,(b—1)/b] then VSPE = Vp.
(iv) Ifc>h and 6 € [(b—1)/b,6*), then VSPE = Vp.

(v) If§ < min{c/b, (b —1)/b}, then VSPE = {(0,0)}.
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4.1.2 Robust SPEs

Using Stahl’s characterization, we can classify PD games as follows.

Definition 9 (classification of Prisoners’ Dilemma games). The repeated PD Ty is charac-
terized by parameters (b,c,d). We define the three classes of games Gpc/ceo, Gpe and Gee

as follows:

(i) Gpcjcc is the class of PDs such that both DC and C'C' are enforceable action

profiles in equilibrium.

(ii) Gpc is the class of PDs such that DC' is an enforceable action profile in

equilibrium, but C'C' is not.

(iii) Gee is the class of PDs such that C'C' is an enforceable action profile in

equilibrium, but DC' is not.

The class of games Gpc/oc corresponds to cases (i) and (iz) of Stahl’s characterization,
while Gpe and Goe respectively correspond to cases (iii) and (iv). Whenever action profile

DC' is enforceable in equilibrium, the following remarkable property holds.

Lemma 5 (stage dominant implementation). Consider a Prisoners’ Dilemma game belong-
ing to int Gpejoc Uint Gpe. Then for any pair of SPE values v € {(0,0), (1,1)} U int VSFE,
there exists d > 0 and a perfect public equilibrium o implementing these values such that
at every history h, the equilibrium action profile o(h) is iteratively d-strict dominant in the

augmented game G(v(o|(h,-))).

We call such SPEs stage dominant equilibria. Lemma 5 yields the following robustness

result.

Proposition 7 (robust equilibria). Whenever f‘G € int Gpe,cc Uint Gpe,

{(0,0), (1,1)} Uint VSFE C prob ¢ YSPE,
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Proof. This is a corollary of Theorem 1 and Lemma 5. O

Hence, whenever DC' is enforceable in equilibrium, essentially any SPE value is robustly
implementable. We now show that, whenever DC'is not enforceable, the only strongly robust

SPE is permanent defection.

Proposition 8 (fragile equilibria). Whenever T € Goe, we have V' = {(0,0)} and the

only strongly robust SPE is permanent defection.

Proof. The proof is by contradiction. Assume there exists a strongly robust subgame-perfect
equilibrium of T'¢; generating value different from (0,0). This implies that at some equilib-
rium history, action profile C'C' must be taken. Hence there must exist a strongly robust
equilibrium s* of T'¢; such that action profile CC'is taken at the initial history h = ). Because
T'¢ € Gee, we have that, at all histories h, s*(h) € {CC, DD}, and hence we have that for
all h € H, vi(h) = vg(h). Furthermore, we must have that 6/(1 — ¢) < ¢; otherwise, DC
would be enforceable.

The augmented game at history h = () is symmetric and takes the form

C D
C 1 -0+ dvce,1 — 6+ dvce —6(1—5)+5U0D,b(1—5)—|—(5vcp
D b(l — 5) + dvpc, —C(l — (5) + dvpc 0vpp, 0UpD

where vee, vep, vpe and vpp are in [0, 1] .
We now show that DD is the risk-dominant equilibrium of this augmented game, i.e.

that

(1 + )\UCC —b— )\'UCD) (1 + )\UCC —b— )\Upc) < ()\'UDD +c— )\UCD) ()\UDD +c— )\UDC)

where A = ¢/(1 — ¢). Since ¢ > §/(1 — 9), we have that dvpp + ¢ — dvep > 0 and that
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dvpp + ¢ — dvpc > 0. This means we can define

(71' + ANvee — b — )\UCD)<7T + ANvge — b — )\ch)

R =
()\UDD +c— )\UCD)<)\UDD +c — )\'UDC)

As a function of voe, vep, vpe and vpp, the ratio R is maximized for voc = 1, vpp = 0 and
vpe = vep = v. Since ¢ > §/(1 — ) and b > 1, for these vs we have

)
1+——-b
c> +1_5

= Mppt+c—I>14+Xcc—b— I
— (Avpp +c— )2 > (14 Avge — b — dv)?

— R<1.

This implies that indeed DD is risk dominant in G(v(s|(0,-))). Hence CC cannot be robust
which contradicts the fact that s is strongly robust. This concludes the proof. The only

strongly robust equilibrium of T'¢; is for both players to defect at every history. O]

A corollary of this result is that, whenever cooperation is robustly sustainable in grim-
trigger strategies, DC' is enforceable in equilibrium and cooperation is in fact sustainable
in stage dominant strategies. Inversely, it is possible for cooperation to be robustly sus-
tainable in stage dominant strategies but not in grim-trigger strategies. This suggests that
grim-trigger strategies are not the most efficient way to robustly implement cooperation.
Indeed, while grim-trigger strategies punish both players when a unilateral deviation occurs,
stage dominant strategies only punish the deviator, while rewarding the other player. This

enhances their robustness to incomplete information.

4.2 A Folk Theorem in Robust strategies

In this Section, we prove a folk theorem for strongly robust SPEs. Namely, we show that

every feasible and strictly individually rational payoff profile can be sustained as a strongly
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robust SPE payoff profile for § sufficiently close to 1. It implies that, in the limit as § — 1,
requiring strong robustness does not impose any essential restriction on the set of equilibrium
payoffs (up to weakly individually rational payoff profiles). This does not mean there is not
much to learn from robustness analysis. As Section 4.1 shows, robustness considerations can
lead to significant restriction of the equilibrium value set for fixed discount factors. Moreover,
to prove the folk theorem under robustness constraints we must consider classes of strategies
that are intuitively appealing and differ from those used in Fudenberg and Maskin (1986) or
Abreu, Dutta and Smith (1994). More precisely to implement values robustly, we must take
care not only of continuation values following unilateral deviations, but also of continuation
values following the simultaneous deviation of multiple player. This leads us to construct
SPEs in which each one-shot action profile is iteratively strictly dominant in the appropriate
augmented game.

We say that two payoff functions g; and g, are equivalent if g; is a positive affine trans-
formation of g;. G satisfies the nonequivalent utility (NEU) condition if no pair of players
have equivalent payoff functions in G (Abreu, Dutta, and Smith (1994)). Note that the
full-dimensionality condition in Fudenberg and Maskin (1986) implies the NEU condition.

For each i € N, let

m',; € argmin max g;(a),
a_;€EA_; a;€A;

i i
m; € arg max g;(a;, m' ;)

aiEAi

be an action profile that minimaxes player i’s payoff in pure actions and a best response to

)

m_i.

(If there are multiple minimax action profiles, pick any such one.) Without loss of

generality, we assume that g;(m’) = 0.

Proposition 9 (folk theorem). Assume that G satisfies the NEU condition and public ran-

domization is available.* If v € cog(A) with v > 0, then there exists § < 1 such that, for

4We could extend the results to games without public randomization by using nonstationary sequences
of action profiles as in Fudenberg and Maskin (1991).
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every 6 > 0, there exists a strongly robust SPE of T with payoff profile v.

The idea of the proof is to show that for each v € cog(A) with v > 0, we can construct
s* with payoff profile v such that s* is a profile of finite-state automaton strategies, and, for
large 0, s*(h) survives iterative elimination of strictly dominated actions in G(v(s*|(h,-)))
for every history h € H. Since there are finitely many states, we can pick d > 0 uniformly
in h € H such that s*(h) is d-robust in G(v(s*|(h,-))), and thus, by Proposition 4, s* is
strongly robust.

Our construction of s* is very similar to the standard ones such as those in Fudenberg and
Maskin (1986) and in Abreu, Dutta, and Smith (1994), but differs with respect to state tran-
sition after simultaneous deviation from the equilibrium path by multiple players. Indeed,
the standard construction usually ignores any simultaneous deviation or picks any arbitrary
continuation strategy profile, for specifying off-path play after simultaneous deviation does
not affect any of the players’ incentives. In contrast, robustness may be affected by off-path
continuation payoff profiles that can realize only after multiple players’ simultaneous devia-
tion. In our construction, players punish the deviator with the smallest name index to make
sure that the current action profile is not only a Nash equilibrium of the augmented one-
shot game, but also the unique action profile that survives iterative elimination of strictly

dominated actions. See Appendix A.3.2 for the proof.

5 Extension to Dynamic Games

Our factorization result for repeated games (Theorem 1) relies crucially on a one-shot robust-
ness principles (Proposition 4) which relates the dynamic strong robustness of an SPE s to
the static strong robustness of action profiles s(h) in G(v(s|(h,-))) for all h. In this section,
we show that this one shot robustness principle extends to a general class of dynamic games
with discounted stage payoffs. We also show by way of a counter example that a one-shot

robustness principle does not hold anymore if we use robustness in the sense of KM.
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5.1 Definition

We consider the following class of infinite-horizon dynamic games with observable actions.
Let N be the set of players. Let H; denote the set of all histories of length ¢ > 0, which is
defined recursively as follows. Hy = {0} and at each history h € H;_; with ¢ > 1, players
choose actions a, = (ain)ien € An = [[,cn Ain simultaneously. At the end of period ¢, players
observe action profile aj, obtain stage-game payoffs g;,(an), and move to the next history
(h,an) € H;. Thus, we have H; = {(h,as) | h € H,_1, ap € Ap}. We write H = UtZO H,.
The total payoff for each player 7 is the sum of the stage-game payoffs discounted by 6 and
normalized by 1 —d. We denote by G, = (N, (Ain, gin)ien) the stage game at history h and
by I' = (N, H, (A, gin)ien nen, 9) the entire dynamic game.

We allow for infinitely many players, but we assume that the number of available action
profiles at each stage game G}, is bounded uniformly in h. That is, the number of “active”
players who have multiple available actions at history h is bounded uniformly in h, and the
number of player i’s available actions at history A is bounded uniformly in ¢ and h. Thus
our class of dynamic games includes repeated games with finitely many players as well as
overlapping generation games with finitely many “active” players at each period. Also, we
assume that |g| = sup;j, ,, |gin(an)| < oo.

A strategy of player i is described by s;(h) € Ay, for each h € H. For each history
h € H, a strategy profile s induces continuation payoff v;(s|h) for player i. s* is an SPE if
vi(s*|h) > v;(s4, s%,;|h) for every h € H, i € N, and s;.

We perturb I' and consider a collection U = {Uj, }en of independent incomplete infor-
mation games such that, for each h € H, U, = (N, Qu, Pr, (Ai, win, Qin)ien) embeds Gy, and
|uin(a)| is bounded by some M > |g|. At each history h € H, w, € €, is generated according
to P,. Each player i chooses o;(h,wy) € A(A;) such that o;(h,-) is Q;,-measurable. The
total payoff is given by the discounted sum of stage-game payoffs u;,(ap,wy). We denote this
game by ['y.

A public strategy profile o induces continuation payoff v;(c|h) for player i. A public
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strategy profile o* is a perfect public equilibrium (PPE) if v;(c*|h) > v;((0;,0*;)|h) for every
he H,v€ N, and o;.

Definition 10 (strong robustness for dynamic games). An SPE s* of I' is d-robust for
d > 0 if, for every n > 0, there exists € > 0 such that, for every U = {U,} of independent
(¢, d)-elaborations of Gy, 'y has a PPE o* such that P,f*(h")(s*(h)) > 1—mn forevery h € H.

An SPE s* of T is strongly robust if it is d-robust for some d > 0.

Note that, in the above definition, we use not only time-dependent but also history-
dependent elaborations even if I' is a repeated game, a wider class of perturbations than what
we use in Definition 4. Nevertheless, the one-shot robustness principle holds for dynamic
games as below, which implies that the set of strongly robust equilibrium values for repeated
games under Definition 10 is characterized in the same way as in Theorem 1.

Note also that our notion of dynamic robustness depends on how to represent total pay-
offs in terms of stage-game payoffs and the discount factor. Consider two dynamic games
I' = (N, H, (A, gin)ieNnhen,6) and IV = (N, H, (Ain, 9}p,)ien,ner, 0') such that g, (a) =
(6/8") " gin(a) and & > §. Then, since period-t payoffs in I converges to 0 as t — oo,
our d-robustness notion for I'" checks robustness to infinitely large payoff perturbations rel-
ative to the size of stage-game payoffs in future periods.

In this setup, we can state the one-shot robustness principle as follows.
Proposition 10 (one-shot robustness principle for dynamic games).

(i) If0 <d < M—|g| and s* is a d-robust SPE of T, then s*(h) is a (1—3§)d-robust
equilibrium of Gp(v(s*|(h,-))) for every h € H.

(i) If d > 0 and s*(h) is a d-robust equilibrium of Gy(v(s*|(h,-))) for every
h € H, then s* is a d'-robust SPE of " for every d' < d.

The proof is essentially identical to that of Proposition 4.
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5.2 Failure of the one-shot robustness principle under weak ro-

bustness

The notion of strong robustness we develop in Section 2 rules out weak Nash equilibria. In
particular it rules out unique correlated equilibria in mixed strategies, which are robust in
the sense of KM. In this section we provide an example highlighting why this strengthening
of robustness is necessary once we look at dynamic, infinite horizon games. More specifically
we describe a game and an equilibrium of that game that is not dynamically robust in any
reasonable sense, although its one-shot action profiles are weakly robust in all appropriately
augmented stage games.

For any T' € N we consider the finite horizon overlapping generations game I'r defined

as follows:
e Time is discrete, with ¢t € {1,--- ,T}.

e At each period ¢, there are two active players denoted X, Y;. Player X; takes a decision
x; € {0,1}. Player Y, takes a decision gy, € {0,1}.

e For every t € {0,--- ,T — 1}, the payoffs to players X; and Y; are given by
y=1 Yy =10

Ty = 1 a—bEytH;O 0,1
2 =0 0:1 1:0

where b > a.

e At t =T, the payoffs to players Xr and Y, are given by

yr=1 1y =0
xTzl CL—bAT;O 0,1

zr =0 0;1 1:0
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where A € [0, 1] is some parameter of the game that will be specified later.

Player Y; gets payoffs only in period ¢ while player X; gets payoffs in period ¢ and t + 1.
Such an overlapping generations game is described by parameters a,b and Ap. Let us define

the function f such that

) 1
V)\E [0,1], f()\)—mln{l,m}
Since b > a, the function f has three fixed points Ay, A\y; and Ay, that satisfy
O<)\L<)\M<a/b<)\H:1.

Note that Ay is unstable. Let us denote G(\) the stage game

w=1 yu=0
ry=1]a—0b\;0 0;1

xy =0 0;1 1;0
The following result holds.
Lemma 6 (SPEs of I'r).

(i) In every SPE of I'r player Y; mizes and chooses y, = 1 with probability
A= 7).

(i) If b > a and A\pr = Ay, then game U'r has a unique SPE such that for all
t, player Y; plays v, = 1 with probability \y = Apr and player Xy plays xy = 1
with probability 1/2. This one-shot mized strateqy profile is the unique correlated

equilibrium of the augmented stage game G(Ayy).

Proof. The proof of the first result is by induction. Assume that at stage ¢ + 1, player Y;

chooses y;,1 = 1 with probability A;.;. Then players X; and Y; are playing the stage game
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G(Mz1). If Ay > a/b, then playing x; = 0 is weakly dominant for player X, and hence,
player Y; must be playing y, = 1 with probability 1 = f(A\1). If \sy1 < a/b then game
G(M\¢41) has a unique mixed equilibrium in which player Y; plays y; = 1 with probability
f(Ai1). The second result follows from the fact that Ay is a fixed-point of f that’s strictly
below 1. O]

We use game I'r to illustrate the fact that when an equilibrium involves a long sequence
of mixed action profiles, then small elaborations on the game payoffs can have far reaching
consequences. In particular, given the game I'y described by a,b and A\, we consider the
elaboration I'%. in which player Xp_; expects that his period 7' payoff will be equal to

—bxr_1yr_1yr with probability 1 — e and equal to 1 with probability e.

Proposition 11 (sensitivity of mixed equilibria to perturbations). Consider game T'r with

b>a and A = Ap. The following results hold.

(i) For any e, game T has a unique subgame-perfect equilibrium in which at
any time t < T player Y; plays y; = 1 with probability \; = f1=1()\3,), where
o= (1 —e)Ay —e/b.

(i1) There exists T' large enough such that |\ — A\i| > |Aam — Ar|/2 > 0.

Proof. The proof of point (7) is identical to that of Lemma 6. Point (iv) is a consequence of
the fact that Ay, is an unstable fixed point of f. Hence, since A5, < Ay, there exists T" such

that |fT1(\5,) — Az| < |Aar — ALl/2. Hence, we get that |A5 — A\ > Ay — Ag]/2>0. O

By point (ii) of Proposition 6, game I'* is such that at every stage, players play the unique
correlated equilibrium of the augmented stage game. However, by point (i7) of Proposition
11, the unique SPE of game I'* is not dynamically robust. Thus the one-shot robustness
principle does not hold under KM’s definition of robustness. This shows that when an
equilibrium involves a long sequence of mixed action profiles, small differences in future
payoffs can be greatly magnified over time. This does not happen when an equilibrium is in

uniformly strict strategies.
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Note that while point (ii) of Proposition 11 applies to families of games with increasing
length T', sequences of games I'r can simply be regrouped in a single infinite horizon game

['* in which players play game I'r in the interval of time {T(T'—1)/2+1,...,T(T +1)/2}.

6 Conclusion

In this paper we introduced d-robustness and strong robustness as notions of robustness to
incomplete information that are well adapted to the analysis of repeated and dynamic games.
These notions of robustness are more restrictive than, but closely related to robustness in
the sense of KM. Specifically, they only depart from KM’s notion of robustness by allowing
perturbed payoffs to be slightly different (rather than identical) from those of the original
game with large probability.

Our main theoretical results show that the dynamic strong robustness of SPEs can be
related to the static strong robustness of their implied one-shot action profiles in appropri-
ately augmented stage games. More specifically, we prove a factorization result for strongly
robust SPEs in repeated games that parallels the approach of APS (1990). We also prove a
one-shot robustness principle analogous to the one-shot deviation principle for a general class
of dynamic games with discounted flow payoffs. We also show that this one-shot robustness
principle would not hold if we used KM’s weaker notion of robustness.

These characterizations of strongly robust SPEs are useful for applied work. We illus-
trate this by computing explicitly the set of strongly robust SPEs in the repeated Prisoners’
Dilemma. We show that cooperation can be robustly sustained if and only if the outcome
(Cooperate, Defect) is enforceable in equilibrium under complete information. In that setting,
we highlight that grim-trigger strategies is not the most robust way to sustain cooperation,
and that stage dominant strategies that punish only the deviator upon unilateral deviation
may be more effective. We also show that a folk theorem in robust strategies holds, which
means that robustness considerations only restrict equilibrium values for fixed discount fac-

tors.
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We believe that taking into account robustness issues in dynamic games can yield useful
insights in many applied settings. In particular, when robustness is carefully considered, a
player’s payoff when others deviate will affect the robustness of strategies significantly, which
can lead to richer analysis and comparative statics (see, for instance, Chassang and Padro i
Miquel (2008) for an application).

With respect to applications, one advantage of our approach is that it is quite general
and the main characterization results are fairly intuitive. To some extent, this is due to the
specific class of elaborations against which we test robustness. In particular, considering
more general perturbations (for instance, allowing for correlation between signals, or doing
away with the common prior assumption) would make the robustness results stronger, while
considering more specific perturbations such as global games would make the fragility results
stronger. While we think that the set of perturbations we consider is natural, in particular for
repeated games, we also believe that it would be a worthwhile exercise to explore robustness

against such classes of elaborations.

Appendix

A.1 Proofs for Section 2
A.1.1 Proof of Proposition 1

The proof is by contradiction, and follows the structure of KM ( Proposition 3.2). It uses

Lemmas 7 and 8, which are of independent interest and given below.

Definition 11 (canonic normalization). Consider an incomplete information game U =
(N, Q, P, (A;, u;, Q:)ien) and an strategy profile o of U. We call U = (N, Q, P, (A;, i, Q;)ien)

the canonic normalization of U with respect to o if
i) Q=A
(ii) For @ =a € Q, P(@) = P (a).
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(iif) Qz = {{ai} x A_i | a; € Ai}

(iv) If @ € {a;} x A_;, then

ﬂi(&;, a—g, (,TJ) =

1 / *
> en @ (w)(a;) P(w) Z wi(ag, a_;,w)af (w)(a;) P(w)

we
whenever the denominator on the right-hand side is nonzero.?
We say that &* is the truthtelling strategy in U if &(&)(a;) = 1 whenever & € {a;} x A_;.

Lemma 7 (canonic normalization with respect to a Bayesian-Nash equilibrium). Let U be

the canonic normalization of U with respect to o, and let &* be the truthtelling strategy

profile in U. Then we have the following.
(i) o* and & induce the same distribution on A: P* = P%".

(i1) If o* is a Bayesian-Nash equilibrium of U, then &* is a Bayesian-Nash equi-

librium of U.

(i) If U is an (e, d)-elaboration of G, then U is an (ne'/?,d.)-elaboration of G,
where d. = d + &Y?(|g| + M).

Proof. (i) and (ii) follow directly from the definition of the canonic normalization.

For (iii), let
Qi={weQ:|u(-,w')—gi| <dforallie N and ' € Q;(w)}.

Since U is an (g, d)-elaboration, P(Q;) > 1 —e. Let B; be the set of actions a; € A; such
that

Y aiw)(@)Pw) = (1—e"?) ) ai(w)(a)Pw),

wEy we

®The denominator is nonzero P-almost surely.
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and let B = [[,.y Bi- We will show that, in U, every player i knows that @; is close enough
to g; on the event of B and P(B) is high enough.

If © = a € B, then, for each i € N and each & € {a;} x A_;,

~ ~ . ]- Ul w) — a* ) (a; w
|Ui(-,w) gz‘ < Zweﬂ af(w)(ai)P(w) %l 1(7 ) gzl z( )( Z)p( )
1 * -
<d+ S o ar (@) (@) P) WEQZ\Qd lui (-, w) — gilaf (w)(a;) P(w)

< d—l—ém(]g] + M).

For each a; € A; \ B;, we have

Y aW)(@)Pw) >y af(w)(a) Pw):

we\Qq weN

Adding the both sides for all a; € A; \ B;, we have

e>PQ\Q)> Y. > a P(w)

we\Qg a;€A;\B;

>3 N ai@)l@)Plw) = e PP((AN B) x Ay),

wEQCLiEAZ‘\Bi
thus P((A;\ By) x A_;) <&'/2. Thus, P(B) >1— 3, P((A4;\ B;)) x A_;) >1—ne'/?. [

The point of canonic normalizations is that given a set of players and an action space

they form a finite dimensional class of games.

Lemma 8 (locally unique equilibrium). If a* is the unique correlated equilibrium of G and a*
15 a strict Nash equilibrium, then there exists d > 0 such that a* is the unique Bayesian-Nash

equilibrium of any (0, d)-elaboration of G.

Proof. The proof is by contradiction. Assume that for any d > 0 there exists a (0, d)-
elaboration Uy = (N, Qq, Py, (Ai, wig, Qia)ien) of G such that Uy has a Bayesian-Nash equi-
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librium oy such that Pj“(a*) # 1. Since the canonic form of a (0, d)-elaboration is also a
(0, d)-elaboration by Lemma 7, without loss of generality, we can assume that U, takes a
canonic form with respect to ay, and that g4 is the truthfull telling stratregy profile.

Since Pj(a*) # 1 the conditional distribution over A\ {a*} is well defined by:

Ly(a)
Vae A\ {0}, pala) = D
Eyt(A\{a*})
Since a4 is a Bayesian-Nash equilibrium of U, we must have that for all a; € A; \ {aj} and

all a; € A,

> palai, ) [wialai, a s, w) = wia(al, ey, w)] > 0 (1)

a_;€A_;
whenever w € {a;} x A_;. As d goes to 0, payoffs uyz converge to the payoff g of game G.
Since pg € A(A\ {a*}), which is compact, as d goes to 0, we can extract a sequence of
probability distributions g over A\ {a*} that all satisfy family of inequalities (1) for some
(0, d)-elaboration and converge to a distribution py € A(A\ {a*}). By continuity, we have
that, for all a; € A; \ {aj} and all @} € A;,

> molaa)lgi(aiai) — gi(aj, a-;)] > 0. (2)

a_;€A_;

We now use distribution gy to build a correlated equilibrium of G distinct from a*. For
A > 0 define p € A(A) by u(a*) = (1 — X) and p(a) = Apo(a). It follows from the family of
inequalities (2) and the fact that a* is a strict Nash equilibrium of G that for A > 0 small
enough, u is a correlated equilibrium of G. Indeed, since a* is a strict Nash equilibrium, for
A small enough, a player getting message a; will find it profitable to play a!. Similarly, by
(2), a player that gets message a; # a} also finds it profitable to obey.

This contradicts the fact that a* is the unique correlated equilibrium of G. Hence,
there must exist d > 0 such that a* is the unique Bayesian-Nash equilibrium of all (0, d)-

elaborations of GG. O

34



Proof of Proposition 1. By Lemma 8, we know that there exists d > 0 such that a* is the
unique Bayesian-Nash equilibrium of any (0, d)-elaboration of G. Assume that there exists
n > 0 such that for all e > 0, there exists an (e, d)-elaboration U, = (N, €, P-, (A, tic, Qic)ien)
of G such that any Baysian-Nash equilibrium o, of U, satisfies P*(a*) < 1 — 5. Pick such
an equilibrium a,. Let UE be the canonic normalization of U, with respect to a.. By Lemma
7, the truthtelling strategy profile o* is a Bayesian-Nash equilibrium of U, 155"‘* (a*) <1-—mn,
and U. is an (ne'/?, d.)-elaboration of G, where d. = d + £'/?(|g| + M).

By an argument identical to KM ( Lemma 3.4), we have that the truthtelling strategy
profile a* is an Mne'/?-equilibrium® of the game U. identical to U. except that u.(-,w) =g
whenever |i.(-,w) — g(-)| > d.. Note that game U, is a (0, d.)-elaboration of G with state
space A. Now take ¢ to 0. Because the set of incomplete-information games with state space
A and uniformly bounded payoff functions is compact, we can extract a converging sequence
of (0, d.)-elaborations U. such that P*"(a*) < 1 — 5. Denote U, the limit of the sequence.

By continuity, Uy is a (0, d)-elaboration of G, the truthtelling strategy profile is a Bayesian-
Nash equilibrium of Uy, and POO‘* (a*) < 1—mn. This contradicts the fact that a* is the unique
Bayesian-Nash equilibrium of all (0, d)-elaborations. Hence for any 7 > 0, there exists € > 0
such that every (g, d)-elaboration of G admits an equilibrium that induces a* with probability

larger than 1 — ). O]

A.1.2 Proof of Proposition 3

The proof is in two steps. The first is to show that, whenever a* is strictly p-dominant in G,
there exists d > 0 small enough that a* is approximately p-dominant in all (0, d)-elaborations
of G. The second step exploits the critical path result of KM ( Proposition 4.2) to establish
that (e, d)-elaborations admit equilibria uniformly close to a*.

Pick p’ > p such that ) ., p; < 1. Since a* is strictly p-dominant, for all i € N,

6Where e-equilibrium is defined in the usual way, i.e. players best reply to the strategies of others up to
a loss of ¢.
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a; € A; \ {a}} and A € A(A_;) such that \(a*,) > pl,

Z Ma—i)gi(ai, a—;) > Z Aa—i)gi(ai, a—;).
a_;€A_; a_;€EA_;
Because the set of probability distributions A € A(A_;) such that A(a*,) > p} is compact and
because the functions that associate A to numbers >, Aai)[gi(a;,a—;) — gi(ai, a_;)]
are continuous and there is a finite number of them, it follows that there exists d > 0 such

that for all i € N, a; € A; \ af and A € A(A_;) with A(a*,) > pl,

Z Ma—y)gi(a;,a_;) > Z Ma—i)gi(a;, a_;) + 2d.

a_;€EA_; a_;€EA_;

This implies that, for all for all i € N, a; € A; \ {a}}, A € A(A) s.t. ANa*,) > pi,

> Magiaas) = > Ma)gi(a,a)

a_;€EA_; a_;€EA_;

whenever |¢' — g| < d.
For any (g, d)-elaboration U = (N, Q, P, (A;, u;, Q;)ien) of G, let us define

Qi={weQ:|u(-,w) —gi| <dforallie N and ' € Q;(w)}.

By definition of (e, d)-elaborations, we have that P(24) > 1 —e. As in KM we are now
interested in the set of states CP'(£,), i.e. the set of states where event )y is common

p’-belief. Proposition 4.2 (the critical path result) of KM implies that

: /
1 — minen p;

P(CP'(Q)) > 1 — (1 — P(Q)) S

(3)

Since ),y p; < 1, for any n > 0 there exists € small enough such that for any (e,d)-
elaboration U, P(CP'(€)3)) > 1 — 1. Whenever the state of the world w belongs to CP'(£,),

there is common p’-belief that payoffs are those of a (0,d)-elaboration. Since a* is p’-
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dominant in any (0, d)-elaboration, Lemma 5.2 of KM implies that U admits an equilib-
rium o* such that of(w)(af) = 1 for all w € CP'(Q,). Equilibrium o* satisfies P*"(a*) >

P(C®(Qq4)) > 1 —n, which concludes the proof.

A.2 Proofs for Section 3
A.2.1 Proof of Proposition 4

For (i), by Lemma 2, s*(h) is a 2(1 —§)d-strict equilibrium of G(v(s*|(h,-))) for every h € H.

Pick any t° > 1 and h° € Hpo_;. Let a = s*(h°), v° = v(s*|h°), and w® = v(s*|(RhY,-)).
We want to show that a° is (1 — d)d-robust in G(w®). That is, for every n > 0, there exists
e > 0 such that every (g, (1 — §)d)-elaboration of G(w") has a Bayesian-Nash equilibrium
such that Ptao*(ho")(ao) > 1 —n. Fix any n > 0. Without loss of generality, we can assume 7

to be small enough so that

o for any t' >t h' € Hu_;, U= {U,} such that U, is identical to G for all ¢t > ¢!, and
strategy profile o of I'y, if Pta*(h")(s*(h)) >1—nfor all h € H,_; with t > t!, then

Va1 (l(h, ) = v(s|(R', )] < (1= d)d,

e if a* is a 2(1 — 0)d-strict equilibrium of GG, then G does not have any other equilibrium

in the n-neighborhood of a*.

We say that ={U;} is a “one-shot” sequence if U; is identical to G for all ¢ # t°. Since s*
is d-robust, there exists € > 0 such that, for every “one-shot” sequence U with an arbitrary
(¢, d)-elaboration Uy, I'y has a PPE ¢* such that Pf*(h")(s*(h)) > 1—mn for every t > 1 and
h e H; ;.

For any ¢t > ¢y and h € H;_;, we show that Pf*(h")(s*(h)) = 1. Since o*(K,0) puts
probability 1—n on s*(h') for all i’ € Hy_y with ' > ¢, we have |vi1(c*|(h, ) —v(s*|(h,-))| <
(1—48)d. Then, since s*(h) is a 2(1 —d)d-strict equilibrium in G(v(s*|(h,))), it is a 2(1—4)*d-
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strict equilibrium in G(veg1(0*|(h,-))). Thus Uy(vir1(o*|(h,-))) does not have any other
equilibrium in the n-neighborhood of s*(h). Thus Pf*(h")(s*(h)) =1.

Then we have v (c*|(h°, ) = v(s*|(h°,-)) = w® and o*(h°,-) is a Bayesian-Nash
equilibrium of an (g, (1 — §)d)-elaboration of G(w") that puts probability more than 1 — p
on a’.

For (ii), we will show that, for every n > 0, there exists ¢ > 0 such that, for every sequence
U = {U,} of (g,d')-elaborations of G, I'y has a PPE ¢* such that Pta*(h")(s*(h)) >1—n for
every h € H.

Pick € > 0 and 7 > 0 such that, for every t > 1, h € H;_1, U = {U,} of (e, d’)-elaborations
of G, and strategy profile o of I'y, if R;,T(hl")(s*(h’)) > 1—7qforall h € Hy_y with ¢ > t,
then |viy1(a|(h,-)) —v(s*|(h,-))| < d'. Pick d” > 0 such that d’ + dd" < d.

Fix any n > 0. We can assume without loss of generality that n < 7.

For each a € A, let v(a) C R™4! be the set of contingent continuation payoff profiles
v(s*|(h,+)) such that s*(h) = a. Since v(a) is bounded, there exists a finite set of histories,
H(a), such that s*(h) = a for any h € H(a) and any point in v(a) is within d” distance of
v(s*|(h,-)) for some h € H(a).

For each a € A and h € H(a), since a is d-robust in G(v(s*|(h,-))), there exists €5, > 0
such that every (e, d)-elaboration of G(v(s*|(h,-))) has a Bayesian-Nash equilibrium that
puts probability larger than 1 —7 on a. Let ¢ = min(&, minge 4 minpep(q) €x). Then, for every
h € H, every (g, d’)-elaboration of G(v(s*|(h,-))) has a Bayesian-Nash equilibrium that puts
probability larger than 1 — 1 on s*(h). Note that ¢ is chosen uniformly in h € H.

Fix any sequence U = {U, }en of (g, d')-elaborations of G. Now we will construct a PPE
o* of I'y as follows.

For each T' < oo, consider the “truncated” sequence UT = {U]'};cy of elaborations, i.e.,
Ul' = U, for t <T and U is identical to G for all ¢ > T. We can backwardly construct a
PPE o7 of I'yr as follows.

e For h € H, ; with t > T, we set o (h,0)(si(h)) =1 for every i € N.
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e For h € H; ; with t < T, we set o7 (h,-) equal to a Bayesian-Nash equilibrium of
Ui(viy1(oT|(h,))) that puts probability larger than 1 —n on s*(h). Such a Bayesian-
Nash equilibrium exists because o’ (I/,-) puts probability larger than 1 — 5 on s*(h/)
for all ' € Hpy_y with ¢ > t and thus |vi (o7 |(h,-)) — v(s*|(h,-))] < d'. Thus
Ui(viy1(aT|(h,))) is an (e, d')-elaboration of G(v(s*|(h,-))).

Since the set of all public strategy profiles is a compact metrizable space in the prod-
uct topology, let o* be the limit of {07 }ren (take a subsequence if necessary). That is,
ol (h,w;) — o*(h,w;) as T — oo pointwisely for all t > 1, h € H; 1, and w; € ;. By
the upper hemicontinuity of PPEs with respect to payoff perturbations, ¢* is a PPE of I'y.
Also, o*(h, ) puts probability at least 1 —n on s*(h) for every h € H.

A.2.2 Proof of Proposition 5
Our proof of Proposition 5 is based on Lemmas 9 and 10.

Lemma 9. If0 < d < M — |g| and 5 is a d-robust SPE of T with public randomization
with 0 < d < M —|g|, then §*(hi—1,0") is a (1—0)d-robust equilibrium of G(v(s*|(ht1,6",-)))
for everyt > 1, hy_y € Hy_1, and 6" € [0,1)".

We omit the proof as it is essentially the same as the proof of Proposition 4 (i).

For a sequence {R;} of partitions on [0,1), we say that s is adapted to {R:} if 5(h,-)
is Ry ® --- ® Ry-measurable for every t > 1 and h;_; € Hy_q, i.e., 5(hy_1,0") = §(hs_1, ¢")
whenever ¢, € R, (0,) for all 7 <t. A public strategy profile § is simple if it is adapted to

some sequence of finite Borel-measurable partitions on [0, 1).

Lemma 10. If d > 0, §* is simple, and §*(hy_1,0") is a (1 — §)d-robust equilibrium of
G(o(s*|(hi—1,0%,))) for everyt > 1, hy_y € Hy_1, and 0" € [0,1)", then §* is a d'-robust SPE
of T for every d' < d.

Again, the proof is very similar to the proof of Proposition 4 (ii). One difference is in

the last step, where we construct a PPE of the “truncated” game, and then take the limit
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of these PPEs to obtain a PPE of the original sequence of elaborations. Here, because 5*
is assumed to be adapted to some sequence {R;} of finite Borel-measurable partitions on

T of T'yr truncated at period T such that 67 (h, -, w,) is

[0,1), we can construct a PPE &
Ry ® -+ ® Ri-measurable for every t > 1, hy_1 € H; 1, and w; € €);. Since the set of all
{R;}-adapted public strategy profiles is a compact metrizable space in the product topology,
there exists 6* such that 7 (h;_1,0' w;) — 6*(hi_1,0',w;) as T — oo pointwisely for all

t>1, hyy € Hi_y, 0" € [0,1)", w; € 4, and uniformly in 6" on each cell of B} ® -+ ® Ry

(take a subsequence if necessary). Then o* is a PPE of I'y.

Proof of Proposition 5. For each v € V™P, let §* be a d-robust SPE of the repeated game of G
that attains v with d < M —|g|. Then, by Lemma 9, V* = {0(5*|hy—1,0") e R" | t > 1,1 €
H,_1,0" € [0,1)!} satisfies V* C B1=94(co V*), and thus co V* is self-generating with respect
to BU=94 S5 we have v € coV* C Y194 Thus Vb C Ua=o P=o)d — Ua=o Vi,

For each v € V%, since V* is self-generating with respect to B?, there exist Av, k) >0,
a(v,k) € A, and w(v,k,-): A — V¢ for k = 1,...,K(v) such that Zsz(qf))\(v, k) =1,
w(v, k,-) enforces a(v, k) d-robustly for every k, and v = >, A(v, k)[(1 — 0)g(a(v,k)) +
dw(v, k,a(v, k))]. For each 6 € [0,1), let k(v,6) be k such that Y- ' A(v,]) < 6 <
Zle A(v,1). Pick any v € V¢ and we construct §* recursively as follows: For each 6y,
let 5°(6,) = a(v,k(v,0,)). For each a; € A, and (01,0,) € [0,1)%, let 5*(ai,01,05) =
a(w(v, k(v,01),a1), k(w(v, k(v,601),0,)), and so on...By construction, §* is simple and, for
every t > 1, and hy_y € H,_q, and 0" € [0,1)", §*(hy_1,6") is d-robust in G(v(s*|(h—1,6","))).
Then, by Lemma 10, s* is d/2-robust in the repeated game of G and thus v € Vrob . Thus
f}d C f}mb.

The proof of the algorithm part is the same as the proof of Theorem 1 for repeated games

without public randomization. Il
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A.3 Proofs for Section 4
A.3.1 Proof of Lemma 5
We begin with the following lemma.

Lemma 11 (equilibrium Pareto frontier of games in Gpe/cc). Pick a game G in Gpejcce.

The following hold.
(i) The Pareto frontier of G is self-enforcing.
(i1) Outcome DD is never used on the equilibrium path of a Pareto efficient PPE.

(i1i) Pareto efficient equilibria can be chosen such that outcome CC' is used per-

manently once it is used.

(iv) The Pareto frontier is self-enforced by equilibria that never use DD in or out

of equilibrium.

Proof. From Stahl’s characterization, we know that the set of equilibrium values VSPE of I'iy
takes the form VSPE = c¢0{(0,0), (1, 1), (0, p), (p,0)} where p > 1. We begin with point ().
Pick a Pareto efficient equilibrium s* and denote H,- the corresponding set of equilibrium
histories. Since s* is Pareto efficient, it must be that for all h € H,., the continuation equi-
librium is Pareto efficient (otherwise replacing the continuation by a dominating equilibrium
would improve on s*). In what follows, we modify s* so that even off of the equilibrium
path only Pareto efficient continuations are used. This is possible because points (0, p) and
(p,0) belong to the equilibrium Pareto frontier. Consider the equilibrium §* that coincides
with s* over Hg«, but such that, whenever player 1 deviates, continuation values are (0, p),
and whenever player 2 deviates alone, continuation values are (p,0). Since 0 is the minmax
value, the fact that s* is an equilibrium implies that §* is also an equilibrium. This shows
that the equilibrium Pareto frontier of Gpc,cc is self-enforcing.

Let us turn to point (i7). Consider a Pareto efficient equilibrium s*. If there is an

equilibrium history h such that s*(h) = DD, then, the strategy profile §* obtained by
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skipping history h and instead playing as if the next period had already been reached is also
an equilibrium and dominates s*. Hence on the equilibrium path, action DD should never
be taken.

We now proceed with point (iiz). From point (i), we know that the equilibrium Pareto
frontier of Gpcoc is self enforcing. Since we have public randomization, this means that
the set of Pareto efficient values can be generated using only extreme points of the Pareto
frontier. This is the bang-bang property of Abreu, Pearce and Staccheti (1990). There are
three such extreme points, (0, p), (p,0) and (1,1). Because (1,1) is not the weighted sum of
action profiles other than C'C', this means that in the equilibrium that sustains value (1, 1),
outcome C'C' is played permanently on the equilibrium path. Inversely, when values (0, p)
must be delivered, then the current action profile must be DC, (otherwise player 1 would
get strictly positive value). Inversely, when values (p, 0) must be delivered, then the current
action profile must be C'D. This means that Pareto efficient equilibria taking a bang-bang
form are such that once action C'C'is taken, then it is taken forever. This yields point (7).

Finally we note that point (iv) is a direct implication of points (7) and (¢7). This concludes

the proof. 0

We now prove Lemma 5. Let us consider parameters (b, ¢, ) € int Gpeycc. Denote by G

the corresponding PD. For any d > 0 let us denote by G, the game

C D
cC| 1,1 —c¢b-
D|b—c dd

By substracting d to all payoffs and dividing them by 1 —d, we obtain that G is strategically
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equivalent to the repeated game G, with flow payoffs

C D
—c—d b—d
¢l L1 T4 1d
b—d —c—d
D=3 55 0,0

Since T'¢ € int Gpcjcc, for d > 0 small enough, we have that f% € Gpcycc- This means

that the set of SPE values of fgii is a quadrangle V;, = co{(0,0),(1,1), (0, p), (p,0)} where

d By Lemma 11, we

p > 1. Note that since DC' is enforceable, we must have 1%5,0 > f_r i

know that the Pareto frontier of equilibrium payoffs is self enforced by a class of equilibrium
strategies such that 1) action profile DD is never used on or off the equilibrium path, 2) once
action C'C is taken, it is taken forever. Let us denote by & this class of strategy profiles.

Since game G, is strategically equivalent to game G, we obtain that strategy profiles in
& are also equilibria of ' , and generate its equilibrium Pareto frontier. The equilibrium
Pareto frontier of T , 1s obtained by multiplying equilibrium values of f% by 1 — d and
adding d. Tts extreme points are {(d, p); (1,1); (p,d)} where p = (1 —d)p+d > ¢+ 2d. Note
also that in I'¢ ,» the values generated by these equilibria are such that at every history &
and for all i € {1,2}, v;(h) > d.

Let us now show that strategy profiles in £ are also equilibria of G. This occurs because
G differs from G, only in that the payoff from DD is (0, 0) rather than (d,d). Since strategy
profiles in £ never use outcome DD and d > 0, this implies that, whenever the one-shot
incentive compatibility holds in Gy, it also holds in G. Hence strategy profiles in £ are
equilibria of GG. Since payoffs upon C'D, DC and C'C are the same in G and G4, equilibria
& of G support the self-generating set of values with extreme points {(d, p); (1,1); (p,d)}.

We now reach the final step of the proof. First note that the equilibrium in which players
both play D at every history generates payoffs (0,0) and that DD is iteratively d-strict
dominant in game G((0,0)) for any d < min{b—1;c¢}. Pick d € (0, min{c,b—1,1/(1—-45)—b})

and consider an equilibrium s in €. The set of values generated by £ is self enforcing. Let us
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show that there exists d > 0 and an equilibrium s generating the same value as s, and s.t. at
every history h, action §(h) is an iteratively d-strict dominant equilibrium of G(v(§|(h,-))).
Define H, the set of histories on the equilibrium path of s. At any history h € H, we modify

s off of the equilibrium path as follows.

e At any history h such that s(h) = C'D use off path continuation values v}, = v, =
voe = (0,0), where (0,0) is generated by the equilibrium in which players defect
always. Since s € &£, we must have that the value from playing C'D at h is greater
than d. This yields that at h, C'D is iteratively d-strict dominant in G(v($|(h,-))). If
s(h) = DC, a symmetric change makes DC' iteratively d-strict dominant in a game
G(v(8|(h,-))) where off path continuation values have been set to (0,0) while on path

continuation values have not changed.

e At a history h such that s(h) = C'C, we must have that voe = (1,1) since equilibria in
& are such that once action profile C'C' occurs, it occurs forever. We change off path
values by setting vpp = 0, vpc = (d, p) and vep = (p,d). Since 25 > ¢+ 2d, and

1/(1 —=9) > b+ d, we obtain that C'C' is iteratively strictly dominant in G(v($§|(h,-))).

It results from this that co{(0,0); (p,d); (d,p); (1,1)} is self enforced by equilibria s such
that at every history h, action profile s(h) is iteratively d-strict dominant in G(v(s|(h,-))).
Because h is continuous in d, by taking d to 0, we obtain that indeed, whenever v € int VSPEU
{(0,0);(1,1)}, there exist d > 0 and a subgame-perfect equilibrium s implementing these
values such that at every history h, the equilibrium action profile s(h) is iteratively d-strictly
dominant in the augmented game G(v(s|(h,-))).

This concludes the proof when G € int Gpc/ce. A similar proof holds when G € int Gpe.

A.3.2 Proof of Proposition 9

For each v € cog(A) with v > 0, we will construct §* with payoff profile v such that §*
is a profile of finite-state automaton strategies, §* is simple, and §*(h, #") survives iterative

elimination of strictly dominated actions in G(V(s*|(h,6",-))) for every t > 1, h € H, 4,
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0" € [0,1)", and large §. For each such ¢, since there are finitely many states, we can pick
d > 0 uniformly such that §*(h, #") is d-robust in G(0(s*|(h,8",-))) for every t > 1, h € Hy_1,
and 6" € [0,1), and thus, by Lemma 10, §* is strongly robust.
By the NEU condition, there exist z,...,2" € R" such that, for every i € N, we have
"> 0, 2} < v;, and x¢ < 27 for every j # i (Abreu, Dutta, and Smith (1994, Theorem 1)).
Let a € A be an action profile with g(a) = v, and, for each ¢ € N, let a’ € A be an action
profile with g(a’) = x%. (Use public randomization if there are no such pure action profiles.)

Let 5* be the following Markov strategy profile starting with “state v.”

e In state v, play a. If the observed action profile differs from a,then go to “state v%,”
where 7 is the smallest name index among all the deviators.

e In state v’, play m’. If the observed action profile differs from m‘ then go to “state v7,”
where j is the smallest name index among all the deviators. Else, with probability ¢

stay in “state v*”, while with probability 1 — ¢ proceed to “state z*.”

e In state 2, play a’. If the observed action profile differs from m!,then go to “state v’,”

7

where j is the smallest name index among all the deviators. Else, stay in “state x’.
We pick ¢ € (0,1) close enough to 1 so that
2 4
9] < 1_q min z;.
Let L;(v') be player j’s continuation payoff in state v’. We have

Li(v') = 6(qLi(v") + (1 — q)z}),

thus
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which converges to z! as § — 1. Similarly,

6<1_q>xi 1—5||
1—6q 7 1—(5qg7

which converges to % as 6 — 1.

In what follows, we verify that, at each histoy, the action profile prescribed by 5* survives
iterative elimination of strictly dominated actions in the augmented stage game for large §.
Consider state v°.

First, consider state v,. We will show that, for each j, m§- is a dominant action for player
J in the augmented stage game for large 0 after we eliminate all actions of player k other
than m for all k¥ < j. Then, by induction on j, m’ survives iterative elimination of strictly

dominated actions in the augmented stage game for large 9.

e Suppose that i = 7 and the opponents’ action profile is ml_] Then player j’s payoft
from m} is L;(v'), which is larger than his maximal payoff from one-shot deviation

0L;(v').

e Suppose that ¢ = j and the opponents’ action profile is not mij. Let k > j be the
smallest name index among the deviators. Then player j’s payoft from m; is at least
—(1—14)|g|] +8L;(v"), which is larger than his maximal payoff from one-shot deviation
(1 —0)]g| + 0L;(v') for large & since z¥ > xj

e Suppose that ¢ # j and the opponents’ action profile is mi_j. Then player j’s payoff
from m} is L;(v*), which is larger than his maximal payoff from one-shot deviation

(1—6)|g| + 6L;(v7) for large & since z% > 27,

e Suppose that ¢ # j and the opponents’ action profile is not mij. Let & > j be the
smallest name index among the deviators. Then player j’s payoff from m; is at least
—(1—140)|g| +dL;(v"), which is larger than his maximal payoff from one-shot deviation

(1—6)|g| + 6L;(v7) for large § since z¥ > a:;
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Next, consider state z*. Similarly, we will show that, for each j, a’ is a dominant action
for player j in the augmented stage game after we eliminate all actions of player k other

than ai for all k < j.

e Suppose that the opponents’ action profile is ai_j. Then player j’s payoffs from a§- is
%, whereas his maximal payoff from one-shot deviation is (1 — d)|g| 4 dL;(v’). Due to

the choice of ¢ and z} > xg, we have

5= 0= 8ol +9L,(0)] > (1= (1ol - T2 ) > 0

for large 0.

e Suppose that the opponents’ action profile is not a* ;- Then the argument is the same

as the one for state v°.

Finally, consider state v. Once again, we will show that, for each j, a; is a dominant
action for player j in the augmented stage game after we eliminate all actions of player &

other than a; for all k£ < j.

e Suppose that the opponents’ action profile is a_;. Then player j’s payoffs from a; is
v;, which is larger than his maximal payoff from one-shot deviation (1—4)|g|+dL;(v?)

for large d since v; > 7.

e Suppose that the opponents’ action profile is not a_;. Then the argument is the same

as the one for state v°.

47



References

[1] Abreu, Dilip, 1988.

2] Abreu, Dilip, David Pearce and Ennio Stacchetti 1990.
[3] Bhaskar V., George Mailath and Stephen Morris

[4] Chassang, Sylvain, Fear of Miscoordination and the Robustness of Cooperation in Dy-

namic Global Games with Fxit, Princeton University mimeo, 2007.

[5] Chassang, Sylvain and Gerard Padro i Miquel Conflict and Deterrence under Strategic

Risk, Princeton University mimeo, 2008.
[6] Dekel, Eddie and Drew Fudenberg
[7] Ely, Jeff and Juuso Véalimaki

[8] Kajii, Atsushi and Stephen Morris, The Robustness of Equilibria to Incomplete Informa-

tion, Econometrica, 1997.
[9] Fudenberg, Drew, David Kreps and David Levine
[10] Fudenberg, Drew and Eric Maskin

[11] Giannitsarou, Chrissy and Flavio Toxvaerd

48



